A geometric graph is a graph G = (V; E) drawn in the plane so that the vertex set V consists of points in general position and the edge set E consists of straight line segments between points of V . It is known that, for any xed k, any geometric graph G on n vertices with no k pairwise crossing edges contains at most O(n log n) edges. In this paper we give a new, simpler proof of this bound, and show that the same bound holds also when the edges of G are represented by x-monotone curves (Jordan arcs).
Introduction
A graph drawing is a drawing of a graph in the plane such that each vertex is represented by a distinct point and each edge is represented by a Jordan arc connecting the corresponding two points (vertices) so that any two arcs meet in at most one point which is either a common endpoint or a common interior point where the two arcs cross each other. A geometric graph is a graph drawing in which all arcs are straight line segments. See 8] for a survey of results about geometric graphs.
Most papers on geometric graphs deal with the crossing number or with extremal questions motivated by extremal graph theory and Ramsey theory. One of the extremal results is due to Pach and T or} ocsik 10] who proved that any geometric graph on n vertices with no k pairwise disjoint edges contains at most (k ? 1) 4 n edges. A related (\dual") question is what is the maximum number of edges that can be contained in a geometric graph (or in a graph drawing) on n vertices with no k pairwise crossing edges. Euler's formula shows that this number is 3n ? 6 for k = 2 (and n 3). Pach 7] proved that any geometric graph with no 3 pairwise crossing edges contains at most 13n 3=2 edges, and that any geometric graph with no k pairwise crossing edges contains at most O(n 2?1=( 25k 2 ) ) edges. This result was improved by Pach, Sharokhi, and Szegedy 9] who proved that any graph drawing on n vertices with no k pairwise crossing edges contains at most O(n log 2k?4 n) edges (k 3). This bound was further improved to O(n log 2k?6 n) in 2] (k 3) (thus, in particular, to O(n) for k = 3). In 12] we improved the bound for geometric graphs to O(n log n) (for k 4).
Theorem 1 Let k 4 be a constant. Then any geometric graph on n vertices with no k pairwise crossing edges has at most O(n log n) edges.
In this paper we give a simpler proof of Theorem 1, and extend Theorem 1 to graphs drawn in the plane by x-monotone Jordan arcs.
Theorem 2 Let k 4 be a constant, and let G be a graph drawing with n vertices such that all edges are drawn by x-monotone Jordan arcs and no k edges (arcs) are pairwise crossing. Then G has at most O(n log n) edges.
In the proof of Theorems 1 and 2 we apply the Erd} os-Szekeres theorem, Ramsey's theorem, and results on generalized Davenport{Schinzel sequences. Our paper is organized as follows. In Section 2 we recall generalized Davenport-Schinzel sequences, in Section 3 we give the proof of Theorems 1 and 2 which relies on two lemmas proved in Sections 4 and 5, respectively. Theorem 3 (Klazar and Valtr 6]) Let l 2 be a constant. Then the length of any l-regular sequence over an n-element alphabet containing no subsequence of type up-down-up(l) has length at most O(n).
Theorem 1 is weaker than Theorem 2. Thus, it su ces to show Theorem 2.
Let k 2 be a constant, and let f k (n) be the maximum number of edges in a graph drawing on n vertices with edges represented by x-monotone Jordan arcs and with no k pairwise crossing edges. Let G = (V; E) be a graph drawing on n vertices with edges represented by x-monotone Jordan arcs and with no k pairwise crossing edges. Introduce Cartesian coordinate system so that the y-axis partitions V into two parts which are as equal as possible, thus the sets Obviously,
To obtain Theorem 2, it su ces to show that jE 0 j = O(n);
(1)
We may assume without loss of generality that no two edges of E 0 cross the y-axis in the same point. We label the vertices of V by integers from 1 to n. We do not make any notational distinction between a point and its label. Let e 1 ; e 2 ; : : : ; e r be the edges of E 0 ordered in the order in which they cross the y-axis (from ?1 to +1, say). Further, let S 1 and S 2 be the sequences of r = jE 0 j integers obtained from the sequence e 1 ; e 2 ; : : : ; e r by replacing each edge by (the label of) its left endpoint and by (the label of) its right endpoint, respectively. The proof of (1) is based on a proper handling with the sequences S 1 and S 2 . In particular, it relies on the following two lemmas:
Lemma 4 For each l 1, at least one of the sequences S 1 , S 2 contains an l-regular subsequence of length at least jE 0 j=(4l) = r=(4l). Lemma 5 Neither of the sequences S 1 and S 2 contains a subsequence of type up-down-up((r(k)) 2 ), where r(k) is the kth Ramsey number (i.e., r(k) is the minimum number R such that any complete graph on at least R vertices with edges colored by 2 colors contains a monochromatic complete subgraph on k vertices).
We remark that Lemma 5 holds in a stronger form for geometric graphs (with (r(k)) 2 replaced by
. This is shown in Section 5. Before proving Lemmas 4 and 5 we complete the proof of (1), which, as argued above, implies Theorem 2. of S 1 such that the integers s 1 ; s 2 ; : : : ; s (r(k)) 2 are pairwise di erent and that, for i = 1; 2; : : : ; (r(k)) 2 , s i = s 2(r(k)) 2 ?i = s (2(r(k)) 2 ?2)+i . For each i, we denote by v i the vertex of V ? labeled by s i , and we denote by x i the x-coordinate of v i . Further, let a i be the arc emanating from the vertex v i and passing through the point on the y-axis corresponding to s 2(r(k)) 2 ?i (see Fig. 1 ). We may assume that the coordinates x i are pairwise di erent. By the Erd} os-Szekeres theorem 5], the sequence x 1 ; x 2 ; : : :; x (r(k)) 2 contains a monotone subsequence of length r(k). For simplicity of notation (and without loss of generality), we assume that the sequence x 1 ; x 2 ; : : : ; x r(k)
is monotone. Let T = fv 1 ; : : :; v r(k) g. We color the edges of a complete graph on the vertex set T by 2 colors as follows. An edge v i v j with x i < x j is colored blue if v j lies below the arc a i , otherwise its color is red. By Ramsey's theorem 11], our graph contains a monochromatic complete subgraph on k vertices. For simplicity of notation and without loss of generality, we assume that the complete subgraph on vertices v 1 ; v 2 ; ; v k is monochromatic. Then, one of the four cases in Figures 2{5 , respectively, applies. In cases shown in Figs. 3 and 4 , the arcs a i ; i = 1; : : : ; k; are pairwise crossing. In Fig. 2 the k arcs passing through the points on the y-axis corresponding to s 1 ; s 2 ; : : :; s k are pairwise crossing (see Fig. 6 ), in Fig. 5 the k arcs passing through the points on the y-axis corresponding to s 2(r(k)) 2 ?1 ; s 2(r(k)) 2; : : :; s 2(r(k)) 2 +k?2 are pairwise crossing (see Fig. 7 ). Thus, we have obtained a contradiction by showing that k of the arcs in our graph drawing are pairwise crossing. 
